In this note we derive some theorems of a general nature on compact, upper semicontinuous decompositions of Ss, spherical 3-space. A compact decomposition G of S3 is one obtained from a compact, proper subset D of S3 by setting G={g: g is either a component of D or a point of S3 -D}. In this paper a point-like, compact decomposition of S3 is one such that the complement of each component of D is homeomorphic to E3, Euclidean 3-space; and a 1-dimensional, compact decomposition of S3 is one such that each component of D has dimension no greater than 1.
Theorem 1 shows that in the decomposition space of a point-like, compact decomposition of S3 the collection of points which fail to have some neighborhood homeomorphic to E3 is dense in itself. The remaining theorems are concerned with the effect of inserting or removing certain elements from a compact decomposition of S3. Armentrout We assume then that G denotes a compact decomposition of S3 with associated projection map P onto the decomposition space S3/G. Let Ha denote the sum of the nondegenerate elements of G. Note that P(C1 Hq) is compact and O-dimensional.
It is known that there is a sequence of compact polyhedral 3-manifolds with boundary in S3 such that fljli Af, = Cl HG and, for each i, Mi+iClnt M{. Such a sequence Mi will be referred to as a defining sequence for G. Let Q={x:
xES3/G and x has a neighborhood homeomorphic to E3}, and let F=S3/G -Q. Note that if F^0, then F is compact and 0-dimensional. Theorem A. Assume G is a compact decomposition of S3 (P(C1 HG) is compact and 0-dimensional). Let M be a compact polyhedral 3-manifold with boundary in S3 such that Bd MDCl HG = 0. If P(M)C<2
and either G is a point-like decomposition or M has a triangulation whose 1-skeleton is disjoint from Cl Ha, then there is a map of M onto itself fixed on Bd M and inducing the same decomposition as G restricted f, = identity on K -K', we have that /=/'(II<™ 1/.) is a map of K onto itself fixed on Bd K and inducing the same decomposition as G restricted to K. It follows that the map 7/_1 is a homeomorphism of K onto P(K). But this contradicts that xEF. Therefore 7" is either empty or it is homeomorphic to a Cantor set. In [6] , Finney showed that if/ is a point-like, simplicial map of S3, then /(S3) is homeomorphic to S3. To prove this he simplified the decomposition Gf of S3 induced by /. This simplification was accomplished by a process of deleting portions of certain nondegenerate elements of Gf to obtain a new decomposition GJ such that S3/GJ is homeomorphic to S3/G/. In Theorems 2 and 3 it is shown that, for compact decompositions G of S3, we may delete certain elements of G to form a new decomposition G' such that S3/G is homeomorphic to S3/G'. Lemma. Let G be a 1-dimensional, compact decomposition of S3 aMd let M be a compact polyhedral 3-manifold with boundary in S3 such that Bd MDCl HG = 0, PiM)EQ, and P(M) is embeddable in S3. Corollary.
Let G be a 1-dimensional, compact decomposition of S3
such that S3/G is a 3-manifold. Then S3/G is homeomorphic to S3.
As pointed out by Bing in [4, p. 7] , it may be shown that if Ci, Ci, • • • , Cn are mutually exclusive, nonseparating continua in S3, then there is a decomposition G of S3 such that each dEG and S3/G is homeomorphic to S3. The next theorem shows that while staying in the category of point-like, compact decompositions we cannot change an element of G whose image is in F to one whose image is in Q by adding more nondegenerate elements to G.
Theorem 4. Let G and G' be point-like, compact decompositions of S3 such that each nondegenerate element of G is contained in G'. If gEG and P(g)EF, then P'(g)EF'
(where P' is the projection map associated with G' and F' is the non-Euclidean points of S3/G').
Proof. Assume by way of contradiction that go is an element of G such that Pig0)EF but P'igo)EQ' (where Q'= S3/G'-F). Let M> Hence let m and e be given. Let K' he the union of all elements of G contained in K and of diameter greater than or equal to e. There is a positive integer p such that the components of Mp which intersect K' are contained in Km. Denote the union of these components by S.
Since P'iS)EQ', it follows from the proof of Theorem 2 of [2] that there is a homeomorphism h of S3 onto itself such that: (1) if xESi -S, then hix) =x; and (2) if g'EG' and g'ES, then diam hig')
<e. This homeomorphism satisfies the desired properties given in the previous paragraph and completes the proof.
